CHAPTER 10

DERIVATIVES
OF COMPOSITE
FUNCTIONS



Partial derivatives of a composite function

Composite function of two variables

Let us first consider functions of two variables.

Suppose that a function f: D; ¢ R* — R! of variables (u,v) and
a vector function g = (¢1,¢2): D, C R* — R? of variables (z,y)
given such that H, C Dy, i.e., g(x,y) € D for each (z,y) € D,.
Suppose that functions gy, go have continuous partial derivatives
at the point a € Dy and the function f has continuous partial
derivatives at the point b = g(a). Then the composite function
h = f o g has continuous partial derivatives at a and the following
relations hold.

oh _Of .\ 0n af . . 0go
%(a) N au( )01( )+8v( )(?x(a)’
(10.1)
oh, . Of .. 0g N
a*y(a) = %(b)@(a) + %(b)@(a)-
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To understand the formula, consider the differentials. For the function
f(u,v) we have

of of

df(b, (du,dv)) = 8u( )du —1—%( )dw.

Now let

u:gl(m,y),vzgg(x,y), and b:g(a’) = (gl(a’)ag2<a’))'

Then

O

d
= ox

B )
99 (q)da +aiy1( a)dy, dv:%(a)dx—i-%(a)dy.

The differential of the composite function h(z,y) = f(g1(z,y), g2(z,y)
can therefore be written in the form

df (b, (du,dv)) =

gi( )(%il( )da +%—gyl( )dy>+g£( )(%(G)diﬂr&a—gj@dy)'
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Putting the terms containing dz and dy together, we get

A7(e, (@uao)) = (507 @+ T 0% @) ) ot

+(S o5 @+ Lo 2@ ) ar

ou" " Oy ov
The same differential can also be expressed as
oh oh
dh(a, (dz,dy)) = ax(a)dfﬁ + @(a)dy.
Comparing the terms containing dz and dy we obtain (11.1):
oh _ 9 99 Of (992
oh af . . 0q al 0ga

5@ = GG e+ ) @)

If any point a € Dy = D, can be put to the equalities (11.1), we
can consider functions
Oh _ Of Og1 L of of 89 Oh _ Of g1 L of of 992

. (10.2
@1’1 83/1 3901 3y2 81'1 al’z 8y1 81'2 8y2 @1’2 ( O )
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Most of the functions that we have investigated until now were
composite and we had no problems with the calculation of partial
derivatives. The mentioned formulas are necessary in the situati-
ons where some of the functions f or g are unknown or represent
the whole set of functions.

& Example 1. Find the differential of a composite function

h(x7y) = f(u7 'U)v where u = gl(x,y) = exy,U = gg(x,y) =e Y,

Solution.
oF - af 8g1 af 892 o 8f Ty af —zy
or  Ou 8x+8v or  ou’’ +3U( Jer,
OF  0fog 0f0dg, Of ., . 9Of —zy
dy  Ou dy +8v oy ~ou +81)( z)e

Thus

aof  _.0f of 0 Of
— (ye 2L e d) ey ey L)
dF((x,y), (hi, ha)) = (ye 5y Ve av)h1+(a:e 90 ¢ av)hQ
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Composite function of n variables

Suppose that a function
f:Df CRY - R
of variables (y1, yo, - .., yx) and a vector function
g=(91,92,-..,95): Dy CR" — RF

of variables (xy, zs, ..., z,) are given such that H, C Dy, i.e., y =
g(x) € Dy for all x € D,. Suppose that functions gi, s, .., gk
have continuous partial derivatives at a point a € D, and the
funtion f has continuous partial derivatives at a point b = g(a).
Then the composite function h = f o g has continuous partial
derivatives at a and the following equalities hold:
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Oh of b 091 Lo of 392

Tﬂfl(a) T Oy om ? 0y 3$1

oh _of dg1 af 092

axz (a) - 8y1 (b) 8%2 a) 8y2 ( )8.'1:2 (a) + +
Oh  _ Of . 0 of .\ 992

oxy, (2) = oY1 EI )8a;n 2 s Pl )(%n a

—(@)+...+ —

of 39k

Oy, 31’1 B2; )
of (b )3gk a
Yk 0z
(10.3)
of 9 )3% a
ayk 8xn
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If any point a € D, = D), can be put to the equalities (11.3), we
can write the corresponding formulas for partial derivatives as
functions:

G O G, OF Gy O Gl
0z, Oy, 0xy Oy Oxy  Oyp Oxy’
oh of 0 af o of o
= e tg et
2 Y1 OT2 Y2 02 Y O3 (10.4)
oh of 0
_ on om0
oz, Oy, 0x,,  Oys Ox,, Oy Ox,,
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@« Example 2. Show that any function F(z,y,z) = = f <Q7 3) ,
r X
where f(u,v) has continuous partial derivatives, satisfies the equation

OF oF OF
T+

_F
oz Yoy "oz

Solution. The exterior function f(u,v) is a function of two varia-

bles,
z

U = gl($7y7z) = %7 v = g?(xaya Z) = E
To calculate partial derivatives of the resulting function F(x,y),
we will use the rule for the derivative of a product, for the deriva-

tive of the second factor we will use the formula (11.3).

OF y 2 0f0g1  0f0g2\ _ ,(y z\ yof z0f
ax_f<_ _> (8u61’+%%)_ (E’;)

xOu x0v’

OF (8f8g1 +8_f%> of

dy T \oudy  ovoy) ou
OF _ (000 | 0f o _ 01
0z “\ouoz "owo:) ov
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Now it is sufficient to multiply the equalities by variables x, y a z,

respectively, and sum together.
& Example 3. Find the differential of a composite function
F(z,y) = f(u,v,0)

where

2

u=u(z,y) =2 +1y*, v=ov(z,y) = 2> —y*, w=w(x,y) = 2.

Solution.
OF _9fdu 0fdv 0fow _df  Of
9 oudr T ovor owor  ou T o T gwY
OF Ofou 0fdv ofow of. of. of
= Yoy Aoy oy
oy ouoy Towoy owoy ou ol ow
Thus

ou av 9

il

dF((x,y),(h,k:)):2( —tr—+ty—
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& Example 4. Transform differential operators

af of 3f of
ox + oy’ e * y@y

from variables z, y to variables v = 22 — %, v =2 — .

Solution. Denote

f(xa y) = h(u(:c,y), v(:z:,y)) = h($2 - y2,$ - y)
and express partial derivatives of a composite function:

3f 3hau+@@_3h2 +3h
Or  Oudr  Ovor Ou ov’
8f Ohou Ohov  Oh oh

—(— 1).
3y 8u8y+8v(‘9y EM( v) 81)( )
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of of oh o

Y% oY S Wi

oz oy 25, = Y) Vou’

of  of JOh  Oh _ ,0h  Oh

Gl LSl = g2t O o 2dt PR

xax +y8y * ou +xav Y ou y(%

oh oh oh  oh

_ 2 o2\ "" _ - — _ __
= 2=y, Tl —y)g 245 Ty

& Example 5. Transform the differential operator

of  of

from Cartesian coordinates x, y to polar coordinates r, ¢, where
T =1TCcoSsp, Yy =rsiny.

Solution. Denote

h(r,p) = f(rcosp,rsiny).
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Thus
Ooh 8f8:c+8f8y 8]“ +ﬁsm
dr Oz dr  dyor o ¥ oy 4
Oh _Of0x Ofdy Of of
&p (9x(9g0+ ay&p (9x( " 1n<p)+a—yrcos<p
Multiply the first equation by sin ¢, resp. cos ¢, the second one by
(cos ) /r, resp. (—sinp)/r, and add together. We get

@ n +1%COS —g
87"8 14 r g SD_Gy'
Oh 10h . 3f

ECOS@-;%SIHQO ax
Now we can put the result to the differential operator. We obtain

of  of _0oh 9 .o Oh
o +vy (9y arr(cos © + sin go)_rar.
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Exercises

1. Let f be an arbitrary function that has a continuous deriva-
tive. Show that any function F(z,y) = zf(2? + y?) satisfies
the equation

oF OF  9?
2
— —gy— = =F.
Yor ™ dy

2. Let f be an arbitrary function that has a continuous deriva-
tive. Show that any function F(x,y) = f(2* — y?) satisfies
the equation

or | or
ey x@y_'

3. Let f be an arbitrary nonzero function that has a continu-
ous derivative. Show that any function F(z,y) = ﬁ
2=y

satisfies the equation
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4. Let f(u,v) be an arbitrary function that has continuous par-
tial derivatives. Show that for any natural number n, the
function F(z,y,z) = 2" f (g, E) satisfies the equation

r T
OF | OF  OF _

T+

F.
ox y8y+z82 "

5. Let f(u,v) be an arbitrary function that has continuous par-
tial derivatives. Show that the function

F(x,y,z):%lnx+xf <%,§)

satisfies the equation
oF oF oF P

JRE— PR Z— = -

x8x+y8y+ 0z z

6. Find the differential of a composite function F(z,y) = f(t),
where

@) t=z+y; [dF((z,y),(dz, dy)) = f'(t) dz + f'() dy ]
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yf'(t) d

"(t
5 x—l—f—()dy.
x x

(b) t=2. |dF((zy), (dz, dy)) =

7. Find the differential of a composite function F(x,y,z) =

f(t), where
(@) t =2+ 4%+ 22; [dF((z,y,2), (dz, dy, dz)) =
2f' (O)xdx + 2f (t)ydy + 2f'(t)zdz.]
(b) t ==xyz. [dF((x,y, 2), (dz, dy, dz)) =

f()yzde + f'(t)xzdy + f'(t)xy dz.]

8. Find the differential of a composite function F(z,y) = f(u,v),
where f(u,v) =u+v,u=e"Y, v=e¢".

[dF((z,y), (dz, dy)) = (ye™ —ye™™) dz+(ve™ —ze ™) dy ]
9. Find the differential of a composite function F'(z,y) = f(u, v, w),

where f(u,v,w) = u+v*+w?® ,and u = u(z,y) ,v = v(z,y),w =
w(z,y) have continuous partial derivatives.

0 0 0 0 0 7]
|:dF((3:,y), (dz, dy)) = (a—z + QUBTZ + 3U)23%> dx + (8—2 + 21)8—; + 3w26—:)) dy.:|
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