CHAPTER 9

DERIVATIVES OF
FUNCTIONS OF
MORE VARIABLES



Derivative of a function
Recall that for a function of one variable, the derivative at an in-
terior point z, of its domain was defined as the limit
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Derivative with respect to a vector

Definition 1. Let f : R® — R be a function of n variables
a € Dyand v = (v1,v,...,v,) @ vector in R™. Let a be
an accumulation point of a set M = {:z:; x=a+vt,te
R}ND;and F(t) = f(a+wt). If the derivative F'(0) exists, it
is called the derivative of f(x) at the point a with respect

. 0
to the vector v. It is also denoted by % 11 etc.

The derivative with respect to a v for which ||v|| = 1 is called
the derivative in the direction v.

The derivative f., with respect to a vector v = e; (a unit
vector in the direction of the axis z;) is called the partial

of

derivative with respect to the variable ; and denoted
Ty

or fi.
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The derivative of f(x) with respect to a vector v at a point a
is the derivative of a function F(t) = f(a + vt) of one variable ¢
ato:

fola) = F'(0) =

~ lim flar +oit,as + vot, ... an + vat) — f(ar, as,
t—0 t 50 t

Ft)=f(a+t)
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Special case: the partial derivative of f(x) with respect to a
variable z; at a point a is the derivative of f(x) with respect to a
unit vector in the direction of a coordinate z;, i.e., with respect to
a vector (0,0,...,0,1,0,...,0).

f(alw"7ai—1aai+t7ai+17"'7an) _f(ala"'aaia'”?an)

o0x; t—0 t

It means, that the partial derivative of f(x) with respect to a va-
riable x; can be found in such a way that all other variables are
considered as constants and the function is differentiated as a
function of a unique variable z;.

For a function f(z,y) of two variables:
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s () (x.0) (0, 7)

. f(zo, 90 +t) — f(zo,v0) L f(zo,y) — f(wo, o)
8—y(xo, Yo) = lim " = lim — :

Calculus 1 © Magdalena Hyksova, CTU in Prague



Since the derivatives with respect to a vector are derivatives of
functions of one variables, the well-known relations hold:

Theorem 1. Let f(x) and g(x) have derivatives with respect to a
vectorv at a, let o € R be a constant. Then

(af), (@) = afi(a).
(+ 9), (@) = fila) + gia).
(f9),(@) = fi(@)g(a) + f(a)g(a)

and for g(a) # 0 :

([)' (a) = fola)g(a) — f(a)g,(a)
97 v

Theorem 2. For every vector v and every constantk € R :

fro(@) = Efy ()
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Remark.

In general, the equality f ., + f,, does not hold.

(vi+v2) — Jv1
Definition 2. Let f: D; ¢ R" — R! have partial derivatives
with respect to all variables, let these derivatives be conti-
nuous at a point a € D}. Then the linear function

df(a,h) =grad f(a) e h =

of of of
8%1( S (%UQ( i oo ox,,
is called (total) differential of the function f at the

point a.

(@h,,  heR"

The differential of a function f at a is often denoted as

df(a,x —a)=grad f(a)e (x —a) =) 8—%(@(% — ap).
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Another notation:

dz = (dxy, dag, ..., dz,) =x—a = (xr1—ay,x0—ag, ..., z,

N~ Of
df(a, dz) = grad f(a) e dz = ; a_xk("’) day..
For a function of two variables:
_of of

For a function of three variables:

df((z,y,2), (dz, dy, dz)) =

o of o1

_an)
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Definition 3. Let f(x) have a differential at a point a. Then
the vector

grad f(a) = (fi(a), fy(a), ..., fo(a))
is called gradient of f(x) at a.

If all partial derivatives are continuous at a, then

fi(a) =v-grad f(a) = df(a,v).
If the function f: D; C R? — R! has a differential at a = (0, y) €
D then the plane in R? given by the equation

0
2 = £ ) = 5 (o) = ) + 5 o, ) = ).

for (z,y) € R? is called a tangent plane to the graph of the
function f at the point (a, f(a)). The normal vector:

n= <g—£(a),g—£(a),—1>
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