Exercise 3 - Riemann integral in R? and R?

Find the area of the region  C R? given by the inequalities

y—22° —4x >0, Sr—y+12>0.

Find the area of the region Q0 C R? given by the inequalities

8y’ <z+y+2, x—3y<10.

Find the area of the region Q C R? given by the inequalities

Tyt —2y+2<0, v +2<z+4y.
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Determine the integral / / x dx dy, where the region Q0 C R? is given by the inequalities
Q

?+y? <9, 2?—-yt>1, z>0.
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Find the area of the region Q C R? given by the inequality

22% + 3y* < 4x.

Find the area of the region Q C R? given by the inequalities

(2 +42)° <8wy(a® —¢?), x,y>0.
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Use polar coordinates. [

Find the area of the region Q C R? given by the inequalities

(x+y)4§4xy, x,y>0.

Use the substitution @ = r cos? , y = rsin® ¢, where r > 0 and 0 < ¢ < %7?. [%}

Determine the integral / / L dx dy, where the region Q C R? is given by the inequalities
QY

1<zy <3, r <2y <8x.



Use the substitution u = xy and v = g [ﬂ
x

Determine the coordinate x., of a centre of gravity of a homogenous area Q C R? given
by the inequalities
r? —8r —2y+12<0, 4y <2,

provided you now that its area is equal to % [mc = 3}

Determine the coordinate y,, of a centre of gravity of a homogenous area Q2 C R? given
by the inequalities

4y —y—24+2x <0, 20 +3y+6>0,

provided you now that its area is equal to 9. [ycg = %}

Determine the coordinate y., of a centre of gravity of a homogenous area 2 C R? given
by the inequalities
v +2r+4<y, vV 4+2y<ax+5,

provided you now that its area is equal to 27;. [yc )= _%}

Determine the coordinate y,, of a centre of gravity of a homogenous area 2 C R? given
by the inequalities
4a* + 9y* < 8z, y>0,

provided you now that its area is equal to %71’. [yc g = %}

Determine the coordinate x., of a centre of gravity of a homogenous area Q C R? given
by the inequalities
l<azy <4, r<y<9,

provided you now that its area is equal to 31n 3. Use the substitution u = xy and v = Ly
x
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Determine the coordinate y., of a centre of gravity of a homogenous area 2 C R? given
by the inequalities
1 <zy <4, r<y<9z,

provided you now that its area is equal to 31In 3. Use the substitution © = xy and v = J
x
28
[ycg = 91n3]

Determine the coordinate z., of a centre of gravity of a homogenous area Q2 C R? given
by the inequalities

1§xy2§8, xr < 27Ty < 27x,

provided you now that its area is equal to 9. Use the substitution u = zy? and v =
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Determine the coordinate y., of a centre of gravity of a homogenous area 2 C R? given
by the inequalities
1§my2§8, r < 27Ty <27z,

provided you now that its area is equal to 9. Use the substitution u = zy? and v = Ly
x

[ycg =1l 3]

Determine the coordinate y., of a centre of gravity of a homogenous area 2 C R? given
by the inequalities
1<azy<4, z<y’ <2z,
2
provided you now that its area is equal to In2. Use a substitution v = xy and v = v
x
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A force F spread over an area S C R? given by the inequalities
o +y* <5, yza®+1,

causes a pressure p(z,y) = y. Find the total force F', i.e., the integral

F://Sp(x,y)dxdy.
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A force F spread over an area S C R? given by the inequalities
322 +2y° <6, 2 42 < 27, z,y >0,
causes a pressure p(x,y) = 2y. Find the total force F, i.e., the integral
FZ//p(ﬂf,y)divdy
S
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A force F spread over an area S C R? given by the inequalities
927 + 4y* < 36, y >0,
causes a pressure p(z,y) = y. Find the total force F', i.e., the integral
F= //p(fc,y)dxdy-
S
=12




Let I = / ¢~ dz. Then the following equality holds:
0

P— / e dz / e dy = / / e~V dz dy,
0 0 Q

where Q0 C R? is given by the inequalities z, y > 0.
Using polar coordinates, find the integral I.

Find the volume of a solid 7 C R3 given by the inequalities

x2+4y2§z§3.

Find the volume of a solid 7 C R3 given by the inequalities

0<z<uay, v? oyt < 4, x,y>0.

Find the volume of a solid 7 C R? given by the inequalities

w4yt 4 2% < 4, 24yt —222>1.
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Find the volume of a solid 7 C R? given by the inequalities

w2 4+ < 2, 2% + 2% + 22 < 8.
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Find the volume of a solid 7 C R? given by the inequalities

4P <4,  x42>0, zx-2>0.
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Find the volume of a solid 7 C R? given by the inequalities

x2+y2+z2§9, -1 <2<2, z,y>0.

Find the volume of a solid 7 C R? given by the inequalities
x2—|—y2—|—22§5, x2+y221.
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Find the volume of a solid 7 C R3 given by the inequalities

eyt >1, P +2< 2z, P42 < 4.
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Find the volume of a solid 7 C R? given by the inequalities

4yt +22 <1, 4y <ux.

Find the volume of a solid 7 C R? given by the inequalities

22 +y? > 27 v +y? <2y z>0.
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Find the volume of a solid 7 C R? given by the inequalities

922 + 4y < 22, 0<2<12 r>0.

Find the volume of a solid 7 C R? given by the inequalities

x2+y2§2x, y—z2>0, z>0.

Find the volume of a solid 7 C R? given by the inequalities

4z2§x2—|—y2§2x.
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Find the volume of a solid 7 C R? given by the inequalities

dz+ 2> +y? <24, 22 4 y? < 427, x,z>0.

Find the volume of a solid 7 C R? given by the inequalities

2?4+ y? < 22, z2—4<\x2+y2.



Find the volume of a solid 7 C R3 given by the inequalities
(a:2+y2+22)3§12xyz, x, Yy, z2>0.

Use spherical coordinates. [%}

Find the coordinate z., of the centre of gravity of a solid 7 C R? given by the inequalities

provided you know that its volume is V' = §. [ch = %}

Find the coordinate 2., of the centre of gravity of a solid 7 C R? given by the inequalities

0<z<uay, r+y<1, z,y >0,
provided you know that its volume is V = i. [ch = %}

Find the coordinate 2., of the centre of gravity of a solid 7 C R? given by the inequalities

Pyt +22 <9, -1<2<2,

provided you know that its volume is V = 24r. [ch = %}

Find the coordinate z., of the centre of gravity of a solid 7 C R? given by the inequalities
2? P <4, 2?22 <4, 0<z<1,

provided you know that its volume is V = %. [xcg — %}

Find the coordinate ., of the centre of gravity of a solid 7 C R? given by the inequalities
By <2, y—-z2>0, z2>0,

provided you know that its volume is V' = % [xcg = 1}

Find the coordinate z., of the centre of gravity of a solid 7" C R? given by the inequalities
z® +4y* < 2 <3,

provided you know that its volume is V' = E—iﬂ'. [zcg = 2}

Find the coordinate ., of the centre of gravity of a solid 7 C R? given by the inequalities

9x2—|—4y2§22, 0<2<3, x>0,



3 e
—_

provided you know that its volume is V' = %7‘[’. [xT =

The charge density in a solid T given by the inequalities
4y +22<2, P4y <1,  2>0,

is p(x,y, z) = z. Find the total charge @) contained in T, i.e., the integral

v = [[[ .z arayaz.
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The charge density in a solid T given by the inequalities

x2+y2+4§2z, :c2+y2+z§8, x2—|—y221,

1
is p(x,y,z) = PRt Find the total charge () contained in 7, i.e., the integral

Ty
Q:///Tp(x,y,z)dmdydz.

[Q = %7?(81n2—3)}

The charge density in a solid 7 given by the inequalities
Pyt < 0<z2<1, 1,y>0,

is p(z,y, z) = xy. Find the total charge @) contained in T, i.e., the integral

Q:///Tp(x,y,z)dxdydz.

The charge density in a solid 7 given by the inequalities
Py 22 <5, —1<2<2, APyt >,

is p(z,y,z) = z. Find the total charge @) contained in T, i.e., the integral

Q:///Tp(:p,y,z)dxdydz.

Find the total electric charge Q of a ball 22 + y? + 22 < 1 with the charge density

pla,y, ) = e VP
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A solid T given by the inequalities
a:2+y2+z2§22, x>0,

has a density p(z,y, z) = /2?2 + y? + 22. Find the total weight M of the solid T, i.e., the

integral
M:/// plx,y,z)dedydz.
T

A solid 7 C R3, is given by the inequalities
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2+ <3241, Pyt +2<5,

and its density is p(x,y, z) = 1. Find its moment of inertia with respect to the axis z, i.e.,

the integral
J, = /// p(z,y,z)(z* + y°) dedy dz.
T

A solid T C R3, is given by the inequalities
w2+ 7+ 22 < 4, oyt —222>1, z2>0,

and its density is p(x,y, z) = 1. Find its moment of inertia with respect to the axis z, i.e.,

the integral
J, = /// p(x,y, z) (xQ + y2) drdydz.
T

A solid 7 C R3, is given by the inequalities

|2 = 2n]

i+ 2<2, 224yi>1,

and its density is p(x,y, z) = 1. Find its moment of inertia with respect to the axis z, i.e.,

the integral
J, = /// p(x,y, 2) (:C2 + yz) dzdydz.
T

A solid 7 C R3, is given by the inequalities

Pyt <4, y+z<2,  y—z<2



and its density is p(x,y, z) = 1. Find its moment of inertia with respect to the axis z, i.e.,

the integral
J, = /// p(z,y,z)(z* + y°) dedy dz.
T
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