Exercise 4 - line integrals

Determine the length of a curve C given by parametric equations

z=e%cos3p, y=e ¥sin3p, ¢ € (0,00).

Determine the length of a curve C given by parametric equations

t 1
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Determine the length of a curve C given by parametric equations

r=cosgsing, y=sin’yp, 0<p<m.

Determine the length of a curve C given by the equations

?+y=2, y<u.

Determine the length of a curve C given by the equations

4y +22=6, y+z=2.

]

Determine the length of a curve C given by the equations

4y 422 =25, TH+2y=>5.

157

Find the length of a curve C given by parametric equations

r=t—sint, y=1-—cost, 0<t<4r, (Hint: it is 1 — cost = 2sin® ).

19

Find the weight of a curve C given by parametric equations

r=tcost, y=tsint, z=t, 0<t<m,



provided its linear density is p(z,y, 2) = \/22? + y>. [% ((2 +mV2+ T — 2\/5)}

Find the weight of a curve C given by parametric equations

r=e'cost, =elsint, z=e", 0<t<oo,

provided its linear density is p(z,y, 2) = /2% + y2 + 22. [ %}

Find the weight of a curve C given by parametric equations

xr =cost+tsint, y=sint—tcost, z=t, 0<t<1,

provided its linear density is p(x,y, z) = z. [% (2\/5 — 1)}

Find the weight of a curve C given by parametric equations

r=1—sint, y=1—cost, 0<t<2m,

provided its linear density is p(z,y) = /¥. [2\@ 7T:|

Find the coordinate z., of a centre of gravity of a homogenous curve C C R? given by the
equations

202 + 22 =2, y=x, z2>0,
provided you know that its length is V2. [ch = M}

s

Find the coordinate z., of a centre of gravity of a homogenous curve C C R? given by
parametric equations

r=cost, y=sint, z=1—Incost, 0<t< sm,

provided you know that its length is In(2 + \/§) [xcg ) (; \/g)}
n\2+

Find the coordinate y., of a centre of gravity of a homogenous curve C C R? given by
parametric equations

™,

Wl

r=cost, y=sint, z=1—Incost, 0<t<

provided you know that its length is In (2 + \/§) [ycg = ﬁ}
n|2+

Find the coordinate y., of a centre of gravity of a homogenous curve C C R? given by the
equation

2 +y* = da, y<ux,
provided you know that its length is 3. [ycg =_4 }

R




Find the coordinate ., of a centre of gravity of a homogenous curve C C R? given by the
equation

P?+yP=dr,  x<y,
provided you know that its length is . [%g - M}

™

Find the coordinate z., of a centre of gravity of a homogenous curve C C R? given by
parametric equations

r =cost+tsint, y=sint—tcost, z=1t>, 0<t<2r,

provided you know that its length is 2v/5 2. [xcg = —2}

Find the coordinate y., of a centre of gravity of a homogenous curve C C R? given by
parametric equations

r =cost+tsint, y=sint—tcost, z=1t>, 0<t<2r,

provided you know that its length is 2¢/5 2. [ycg — _E}

™

Find the coordinate z., of a centre of gravity of a homogenous curve C C R? given by
parametric equations

r=et cost, y=elsint, z=e", 0<t<oo,

provided you know that its length is v/3. [%g = %}

Find the coordinate y., of a centre of gravity of a homogenous curve C C R? given by
parametric equations

r=etcost, y=-elsint, z=e", 0<t<oo,

provided you know that its length is V3. [ycg = _%}

Find the coordinate z., of a centre of gravity of a homogenous curve C C R?, which is
the boundary of a planar region

provided you know that its length is 4 + %71’. [xcg =

A curve C C R? is the boundary of a planar region
0<y<wz, a2*+y*<A4.

Find the coordinate y.4 of its centre of gravity, provided you know that its length is 4+% .

{ycg - Sﬁf}




Find the moment of inertia with respect to the axis z of the piece of a straight line C from
the point A = [—1,0, —2] the point B = [1, 1, 0], the density of which is equal to one, i.e.,
the integral

JZ:/(a:2+y2)ds.
c

2

Find the moment of inertia with respect to the axis z of the curve C given by equations

xr =cost+tsint, y=sint—tcost, z=4, 0<t<2m,

provided its density is equal to one, i.e., the integral
J, = /(z2+y2)ds.
c

[272(1 + 272) |

Find the moment of inertia with respect to the axis z of the curve C given by equations
r =sintcost, y=sin’t, z=t, 0<t<m,

provided its density is equal to one, i.e., the integral

JZ:/(x2+y2)ds.
c

&
Find the moment of inertia with respect to the axis z of the curve C which is the boundary
of the intersection of the set

x+y>0, z—1y>0, Pyt <1

with the plane z = 0, provided its density is equal to 1, i.e., the integral

JZ:/(x2+y2)ds.
c

Find the line integral
ds

e

where C is a piece of a straight line from the point A = [0,4] do bodu B = [3,0]. [g}




Find the line integral

/ ds
c /a2 +y2 422

where C is a curve given by parametric equations

x =1tsint+cost, y=tcost—sint, z=2, 0<t<2.

Find the line integral

/(:c +y)e* ¥t ds

c
where C is a piece of a straight line from the point A = [1, 2, —3] to the point B = [3, 1, —1].

L (116t - )]

Find a line integral j{ (x dy —y dx), where C is a positively oriented boundary of an ellipse
c

22 + 4% < 4. [4#}
Find a line integral / (ydx — xdy), where C is a curve given by parametric equations
c
r=1t—sint, y=1—cost, 0<t< 2w,
oriented in the direction of an increasing parameter. [6#}

Find a line integral 7{ ((m —y)dz+ (x+vy) dy), where C is a positively oriented boundary
c
of the region Q C R? given by the inequalities

3?"‘3/207 $_y207 $2+y2§1

]

Find a line integral / (ydx+x dy+2zdz), where C is a curve given by parametric equations

c
r=e %cosp, y=-e Psing, z=qpe ¥, v € (0,00),
oriented in the direction of an increasing parameter . [O}

Find a line integral / (ydz + xdz), where C is a curve given by parametric equations
c

x=t+cost, y=cost, z=t, t € (0,2m),

oriented in the direction of an increasing parameter t. [27r2}




Find a line integral / (zdz — ydz), where C is a curve given by the equations
c

4yt =22 2+ yP=2x, 2>0,

oriented such that the second component of its tangent vector in the point [2,0,2] is

positive. %}

Find a line integral / (xdx 4+ zdy — 2y dz), where C is a curve given by the equations
c

Pyt =1, Pryi=y,

which lies in the first octant, i.e., z, y, z > 0, and starts in the point [0, 0, 1]. [2}

Find a line integral / (ydz — xdy + zdz), where C is a curve given by the equations
c

x2+y2:1’ r+z=2,
oriented such that the first component of its tangent vector in the point [0, 1, 2] is positive.
)

Find a line integral

/( dz dy dz)
+ + ,
ce\z—y T—2 y-—=x

where C is a straight line segment from the point A = [1, —5, 4] the point B = [—1, -2, 5].
[ln% — g In 3}

Find a line integral

]{(zdx +zdy+ydz),

c

where C is a triangle with the vertices A = [1,0,0], B = [0,2,0] and C' = [0, 0, 3], oriented
in the direction A -+ B — C — A. [%}

Let e, e; and e3 be a unit vector in the direction of an axis z, y and z, respectively. Find
the work of a force field f = ze; 4+ xe; + yes over a straight line segment with the starting

point A = [—1,0,1] and the endpoint B = [3,1, —1]. [O}

Let i, j and k be a unit vector in the direction of an axis z, y and z, respectively. Find
the work of a force field f = x2i — yk over a curve C given by parametric equations

x(t) = 2i + e'j + t’k, 0<t<1,

oriented in the direction of an increasing parameter t. [—2}




Let e, e; and e3 be a unit vector in the direction of an axis z, y and z, respectively. Find
the work of a force field f = yze, — wze; + (22 + y?)es over a curve C given by parametric
equations

x(t) = tcoste; +tsinte, +t’e3, 0<t<m,

oriented in the direction of an increasing parameter. 1—10 (5 — 2m)

Let i, j and k be a unit vector in the direction of an axis =, y and z, respectively. Find
the work of a force field f = 2i + xj + 2yk over a curve C given by parametric equations

1
r=Int, y=t, zz;, 1<t<2,

oriented in the direction of an increasing parameter t. [—1}

Let i, j and k be a unit vector in the direction of an axis x, y and z, respectively. Find
the work of a force field f = zi + yk over a curve C given by parametric equations

r=cost, y=t—sint, z=t, 0<t<2m,

oriented in the direction of an increasing parameter ¢. |:27T(7T + 1)}

Let i, j and k be a unit vector in the direction of an axis x, y and z, respectively. Find the
work of a force field f = yi — zj + (z + y)k over a curve C given by parametric equations

v=t+cost, y=t+sint, z=1¢, 0<t<m,

oriented in the direction of an increasing parameter ¢. [% 7r(27r2 — 3)}

Let i, j and k be a unit vector in the direction of an axis z, y and z, respectively. Find the
work of a force field f = (y + 2z)i — (x + z)j over a curve C given by parametric equations

x(t) =e 'costi+e fsintj+e 'k, 0<t< o0,

oriented in the direction of an increasing parameter. [%}

Let i, j and k be a unit vector in the direction of an axis x, y and z, respectively. Find
the work of a force field f = yi + xj 4+ zk over the curve given by the equations

2+ 27 +32° =3, rT=y,

which starts in the point A = [1,1,0], ends in the point B = [0, 0, 1] and lies in the first

octant, i.e., z, y, z > 0. [_%}

Let i, j and k be a unit vector in the direction of an axis x, y and z, respectively. Find
the work of a force field f = yi — zj + 2k over the curve C given by the equations

2?4yt =1, Ty =2z,

7



which starts in the point A = [1,0,0], ends in the point B = [0, 1,0] and lies in the first

octant, i.e., z, y, 2 > 0. [—% 7Ti|

Let e;, es and ez be a unit vector in the direction of an axis x, y and z, respectively. Find
the work of a force field f = —ye; + ze, + ze3 over the curve C given by the equations

4yt =1, -yt =z, x,y >0

from the point A = [1,0, 1] to the point B = [0, 1, —1]. [% 7Ti|

Let i, j and k be a unit vector in the direction of an axis x, y and z, respectively. Find
the work of a force field f = zi 4+ yk over the curve given by the equations

2?4+ 4y? =4, z =2y,

oriented such that the first component of the tangent vector in the point A = [0, 1, 0] is
negative.
o

Let i, j and k be a unit vector in the direction of an axis x, y and z, respectively. Find
the work of a force field f = yi — zj + yk over the curve given by the equations

2+’ + 22 =25, r+2y=0,

oriented such that the first component of the tangent vector in the point A = [0, 0, 5] is
positive.

[—10\/5 w}

Let i, j and k be a unit vector in the direction of an axis x, y and z, respectively. Find
the work of a force field f = (22 —y — 2)i+ (2y —x — 2)j + (22 — x — y)k over the triangle
A=11,0,0], B=10,2,0], C =[0,0,3], oriented in the direction A - B — C' — A.

g

Let i, j and k be a unit vector in the direction of an axis x, y and z, respectively. Find the
work of a force field f = ye®i+ ze” j+ xe¥ k over a straight line segment with the starting

point A = [~1,2,1] and the end point B = [2,3, —1]. [2e3 ~ T2y 1o 20 e—l}

36

Show that the line integral
/(m(?ﬂ: +2y)dz + (2% — 2y + 32)dy + 3y — 22 + 1) dz)
c

does not depend on the path of integration, and calculate it over the curve C starting in
the point A = [1,1, 1] end ending in the point B = [—1,2,0]. [—7}

Show that the line integral
/((2x+y—z)(y—|—z)dx+ (x+2y+z)(x —2)dy + (:t—y—Qz)(x—l—y)dz)
c

8



does not depend on the path of integration, and calculate it over the curve C starting in
the point A = [1,2, 3] end ending in the point B = [3, 1, 2]. [42}

Show that the line integral
/((siny — zsinx) dz + (sin z + z cosy) dy + (cos x + y cos 2) dz)
c

does not depend on the path of integration, and calculate it over the curve C starting in
the point A = [0, 7, 0] and ending in the point B = [, 0, 7]. [—7T:|

Find a potential of a vector field

f(z,y,2) = | 20 + 4 !
T,Y,z) = T Yz, Tz T Y = =
VY -z VY =z

in the region y? > z. Using this result, calculate the work f along a curve C, which starts
in the point A = [2,1,0], ends in the point B = [1,3,5] and lies in the region 3> > 2.

U=2ax%+2yz +2/y? — z; 14]

Find a potential of a vector field

f(z,y,2) = (

y+xlnz z4+ylnr x4+ zlny
xr y z

in the first octant, i.e., for z, y, z > 0. Using this result, calculate the work f along a

curve C whith the starting point A = [1,2,1] and the end point B = [4,1,2]. U =

rlnz4+ylnx+zlny; 51n2]

Find a potential of a vector field

£ - - 4 -
(z,y,2) = (22 + 12 + 22)3/2 (22 + 192 4 22)3/2 (a2 + 12 4 22)3/2 )

Using this result, calculate the work f along a curve C, which starts in the point A =
1

Vit +y?+ 22

[2, —1, 2], ends in the point B = [4,0, —3] and does not pass through the origin. |U = —




