LECTURE 2

FURTHER
METHODS
OF INTEGRATION



Integration of rational functions

Theorem (Decomposition to partial fractions)
Let P(xz), Q(x) be polynomials such that

Q(z) = a(z—z1)" - - - (z—z,) - (2®+2p1z+q1)" - - - (2°+2psz+gs)

where polynomials x* + 2p;x + q;, 1 = 1,..., s, are irreducible
in the field of real numbers. Then R(x) can uniquely (up to the
order of summands) be expressed in the form

(__ S B;jx + Ci;
R@) = oy =P )+ZZ w)g 2.2 o 2pat a

11_71 =1 j=1

where p(x) is a polynomial, A,;, B;;, C;; are real constants; this
equality holds for all x € Dg, i.e., for all real x different from the
roots of the polynomial Q(x).



& Example 1.1.
Decompose the function

3x + 5

R(m):w2—3x—|—2

to the sum of partial fractions.

Solution. The roots of the polynomial in the denominator are 1
and 2, thus
3z + 5 3z + 5 A B

R(z) = “3z+2 (z—1)(z—2) S a1 z_2

To find the coefficients A, B, bring the fractions on the right side
to the common denominator. The function in the numerator must
be identical with the given function 3z + 5, i.e., we require:



3x+5 _ A(z—2)+B(zx—-1)
(x—-1)(x-2) (x —1)(z —2)
3tr+5 = (A+B)x+ (—2A — B)

' ... 3 = A+ B
... 5 = —2A— B
A=-8 B=11

Thus 3z + 5 8 11
T
— -

R = = .
() r2 — 3x + 2 r—1 =x=—2




& Example 1.2.

Decompose the following function to the sum partial fractions:

o 3+ 5
B = @ —2)
Solution.
_ 3z +5 _ A B C
R@) = o z-1 @_12 T z_2
3z + 5 _ A(x —1)(x —2) + B(x — 2) + C(x — 1)?
(x —1)2%2(x — 2) (x —1)(x — 2)

3r+5 = A(@*—-3x+2)+ B(x—2)+C(z* — 2z + 1)
3r+5 = (A+C)z?+ (—3A+ B —2C)xz + (2A - 2B + C)



The functions on both sides must be identical, i.e., it must be:

... 0 = A+C (—» A=-0)
! ... 3 = -3A+B—-2C
... 5 = 24A—-2B+C

3 = -A+ B

5 = A-2B

B=-8 A=-11, C=11
Thus
3x+5 11 8 11

R@) = @~ w1 @—1¢ z-2




Remark. Notice that if we try to decompose the function in the
form

3z + 5 _ A n B
(x—1)2(x—2) (x—1)2 xz-—2"

R(z) =

we would obtain the condition
3r+5 = A(x—2)+ B(x —1)?
3r+5 = A(x—2)+ B(z? — 2z +1)
3r+5 = Bxz?+ (A—2B)x+ (—2A + B)

and the corresponding system of equations that has no solu-
tion (we have only two variables and three linearly independent
equations):

x? 0 = B
x! 3 A—-2B
a0 5 = —2A+ B




The calculation of the integral of rational functions
The given rational function can first be decomposed to the sum
of partial fractions. If the degree of the polynomial in the deno-
minator is not higher than the degree of the polynomial in the
numerator, it is necessary to start with the partial division (with
the rest) of the polynomials.

The individual partial fractions can easily be integrated:

r—a

1
/ de =In|x —a|+c

fornreN,n>1, x € (—oo0,a) or z € (a,00) itis:

/ 1 d 1 1 n
- e C
(x —a)” YT 1 n (x —a)n !



& Example 1.3.
dx
2 —3x

Find the integral /

Solution.

/d:c_l/ 1(3)d—1l|23|-|—
2—-3x 3] 2—3zx rT=73g" e




& Example 1.4.

: . dx
Find the mtegral/—.
(2 + 5)3

Solution.
/ dz —1/ LI —1/(2 15)"%2de =
2z+52 2/ @z452 2 v T
1 (2z+5)7% 1
“2 T 2 T Ta@ayse €

10



& Example 1.5.
3z +5

Find the integral I = (@ — )2z —2) dx .

Solution. After the decomposition to partial fractions we obtain:

I—/< 11 8 " 11 )d B
N xr—1 (x—1)?2 x—2 v

(x—1)~"
:—111n|m—1|—8—1—|—111n|m—2|+c:
xr — 8
=111ln ‘—|— +c.
T — x—1

The following examples illustrate what to do when the denomi-
nator contains a quadratic polynomial that has no real roots. If
the numerator contains only a constant, we head towards the
function arctan .

11



& Example 1.6.

Find the integral I _/ .
2+ x2

Solution. The polynomial in the denominator cannot be decom-

posed in the field of real numbers. The integration leads to arctan :

— +1
2-|-

I_/:c2+2 /ﬁ:

ﬁ/ 10l V2 . az+
= r = —— arctan — C.
2 (w)2+1\/§ 2 V2

Similarly, we obtain

dx 1 T
/m2+a2=aarctana—l—c, a>0 xR

12



& Example 1.7.

Find the integral I _/
322 4+2°

Solution.

I=/3wzdiz:/2(3%im+l) B
v /( fl) ﬁdm_%am (@+
2

13



& Example 1.8.
dx

212 — 3z + 6

Find the integral I = /

Solution.

/ dx 1/ dx
I: = — _— =
2¢2 —3z+6 2/ , 3

2

r——-) ——+3 T — — —
4 16 T 4 16
16 \/39/ 1 4 4
€Xr =
2.39 4 ( 4 3)>2+1\/39
—_— w — —
V39 4
1 4 . 4 ( 3) 2 . 4x — 3
= — arctan —— _ — = arctan
239 V3 4 V39 v

14



If the numerator contains a linear function, it is necessary to ex-
press the fraction as the sum of two fractions where the nume-
rator of one of them is equal to the derivative of the denominator
(this leads to the logarithm) and the numerator of the other one
is a constant (this leads to arcus tangent):

& Example 1.9.

3 5
Find the integraII:/ vt dx .
2x2 —3x + 6
Solution.
3 4 — 3 3.3+4+5
I:—/ d:z:—|—/ TR dx =
4 ) 222 —3x+6 2rx2 —3x + 6
3, 207 — 3 +6\+33 2 rctan =3
= —1n r — o — arctan C.
4 4 /39 Vv 39

15



To find the integral
B dx
Kn—/ML, GGR,CL#O,TLEN,JJER,
we use the recursive formula

x 2n — 1

2na?(x? 4+ a?)™ 2na?

Kn+1: K'rn n:1,2,...,m€R,

(1.1)

that is the result of the use of per partes:

u =1, u=x
1 , 2nx

v= (22 + a2)n’ v = (22 4 a2)nt?

1
Kn=[1——  dz=
/ (22 + a2)" r

= 42 / AN P S /w2+a2_a2d -
- (a:2 + a2)n n (mz + a2)n+1 T = (_,Bz + a2)n n (a:2 + a2)n+1 T =

e /[ ! 2 1 ]d—“” +2nK
- (wz + a2)n n (wz + a2)n a (w2 + a2)n+1 T = (a:2 + az)n nhn
This follows (1.1).
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Substitutions leading to rational functions

Using the second theorem on the substitution, various integrals
can be transformed to integrals of rational functions.

17



The integrand contains goniometric functions
In integrals of the type
[ R(sin® z, cos z) sinz dz ,

we can use the substitution ¢t = cosx, dt = —sinxzdzx
that leads to a rational function of the variable ¢.

& Example. Find the integral [ sin® z dz.
Solution.

/sin3wd:c:/sinzwsinmdw:/(1—coszw)sin:cdw:

—/(1—t2)dt:t3/3—t—|—c: (cos® x)/3 — cosx + c.

18



In integrals of the type
/ R(sin z, cos® x) cos x dzx ,

we can use the substitution ¢ = sinx, dt = cos « dx that
leads to a rational function of the variable ¢.

Similarly for integrals
/sinm xzcos" xdx, where m,n €N,

where at least one of the numbers m, n is odd. If both num-
bers are even, we can use the relations

sinz = (1 — cos 2z)/2; cos’z = (1 + cos2z)/2,
(1.2)
(eventually repeatedly).

19



& Example

/sinza:da: = /(1 —cos2x)/2dx = x/2 — (sin2x)/4 + c.

« Example
/cos4 zdz = /(0082 2)? dz = (1/4) /(1 + cos 2x)? do =
= (1/4) /(1 + 2 cos 2z + cos® 2z) dz =
— 2/4 + (sin2z) /4 + (1/4) /(0052 22) dz =

=ax/4 + (sin2x)/4 + (1/8) /(1 + cos4x)dx =

= 3x/8 + (sin2x)/4 + (sin4x)/32 + c.

20



& Example

sin® x sin? x
de = sinxdx =
cos?x + 1 x+1 1+ 0052

1—2z2
— / dz = z—2arctan z+c = cos x—2arctan (cos x)+c.

14 22
& Example
dx dx sin sin
[ - = | e
sin sinx sin“ 1 —cos2x
1 1 —cosx
= —In c.
2 1+ cosx

21



In integrals of the type

[ R(sin? z, cos® z, sin z cos x) dz ,

we can use the substitution ¢ = tanx

rational function of the variable ¢.

Obviously,

x = arctant,

1
de = dt
14+ ¢2
cos? x 1 1
cos?x = —— = =
cos?2x +sin‘xz 1+ tan?x 1+ t2
. 9 sin® x tan %z t?
sIin- xr = T 2 = > = 2
cos?2x 4+ sin“ x 1+ tan“x 14+t
tanx t

sinx cosx =

sin & cos ¢
cos?2x +sin’x 1+ tan2x 14+ #2

that leads to a

(1.

3)

22



& Example

1 t*—14+1
ftan4wda:: t=tanxz, doz = dt| = —+dt:
’ 1+ ¢2 1+ ¢2

1 1 1
= [ (t*—1+ )dt = —t®—t+arctant+c = —tan3z—tan z+a
14 ¢2 3 3

dx

sin?x — 4sinxz cosx + 5cos?

& Example. /

Solution. For x # ©/2 + km, k integral,

/ dx 1 1
sin?x — 4sinxzcosx + 5cos2x ) tan?z — 4tanx + 5cos?2 x

dz dz
:/—:/—:arctan(z—2)+c:
z2 -4z 4+ 5 (z—2)2+4+1

= arctan (tanx — 2) + c.
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Universal substitution for | R(sin z, cos ) dz

The substitution ¢ = tan  brings any integral of a ratio-
nal function of sin  and cos « to the integral of a rational
function of the variable ¢, namely on any interval that does
not contain (2k + 1)x, k € Z.

2
t=tanj = x = 2arctant, dz =
14 ¢t2
2 — tan? sin2§ 1 —coszx
= tan — —= =
2 coszg 1+ coszx
1—t?
t?’(1 +cosx) =1 —cosx —> cosx =
(1+ ) e
y ) (1 — t2)? 4t2 , 2t
sin“x =1—cos“x = 1— 5 = 5 — sinx =
(142)> (1 +¢2) 1+¢2

The functions obtained in this way are often complicated and if
it is possible, it is more convenient to use some of the previous

substitutions. 04



: . 1 —sinx
@« Example. Find the integral / ——dz, ¢ # (2k + 1)=.

-+ cosax
x . 2t
t = tan —, sinx =
1 —sinx 2 1+¢2
_— €Tr = =
/1—|—cosw 2 1—t?
dx = dt, cosxz =
14 t2 14 t2
142 2 t? —2t+1
1—t 14 ¢2 1+ ¢2
14¢2

14+ ¢2 2t
= dt =t — In(1 + ¢? =
= [t [ ira (1 +#) 4o

:tang—ln( 4+ tan §)+c, x # (2k 4+ 1)m.
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Integrals of the type [ sinaz cos bz dz,
[ sinax sinbzdz, [cosax cosbxdx, a # b, can
be found with the help of the relations

sina cos 3 = (sin(a + 3) + sin(a — 3))/2,
sina sin 3 = (cos(a — B) — cos(a + B))/2, (1.4)
cos cos 3 = (cos(a + ) + cos(a — 3))/2.

& Example

/sin5az coszdx = (1/2) /(sinGm + sin4zx) dx =

= —(1/12) cos 6 — (1/8) cos4x + c.

26



In integrals of the type [ R(e**)dxz, @ € R, o # 0, we
can use the substitution

1 1
e =t, x=—Int, doxr=-—dt
o at

1 dt
leading to a rational function — / R(t)T
(81

& Example
/L:/i:ln‘ t ‘-I— ! +c=
(1 + e®)? t(1+t)2 1+t 14+t
e” 1
:lnl—i—ew +1—|—ef”+c
& Example

/ _— / tant + tan e +
= — arctan C = arctan e (&
1+e  J 14¢2



In integrals of the type
d
/ R(lnz)=2 (1.5)
£

d

we can use the substitution Inxz = t, dt = i that leads
T

to the integral of a rational function [ R(t) dt.

& Example

Inz dx Inx =t t
l1+Inx = dt = — 1+t
T

=t—In|t+1|+c=lhnhz—In|l+Inz|l +ec

28



Integrand contains roots of a quotient of linear
functions

In integrals of the type

nlax +b
/R x, de,n €N, a,b,c,e € R, ae—bc # 0,
cr + e

we can use the substitution

b t" — b —b A
o ar + . e o (ae c)n B

cx+e’ a — ctv’ (a — ctn)?

If n is even, it is necessary to suppose that (ax +b)/(cx +e) >
0, since t™ > 0. Then

ar +b (ae — be)nt™ !
/R T, | dx = / ,t dt.
cr +e a — ctv’ (a — ct™)?

The integrand on the right side is a rational function of a variable 29




& Example

s/2x + 1 dx
I:/ e
\/a:—|—1 x2

Y N Y
N t3-1) (2—-13)2 (13 — 1)2

This integral can easily be calculated (try it!). The result is

2 + 1 t3—1
13 = —|——|_1’m:2 5 dx
w —

1 1, 1
+§ln|t—1| —Eln(t +t+1)— ——arctan

V3

I=
1—1¢3

2 1
where t must be replaced by ¢t = ¥/ z .
x+1

:md

dt.

3t2

+1

t
V3

+c,

t| -

30



& Example

Vieva | VievE aom

TV VE Vitva i View
1 7
~Vicz Vi—=z
L= [ = [0 e = 200 e = —2vT =3
1 +t2 _ [
IQ_/\/i \/7 W —/(1+t2)2dt

(1+ﬁy

We obtain I = arctant — t/(1 + t2) + ¢, where t = /= /(1 — z),
thus

I =1, — I, = —2+/1 — & — arctan 7—\/51:(1—:13 + c.

31



& Example

\/x—l—l—\/a:—ld
ve+1l++Vx—1 v

x — vV —1)2
_/(‘/ +1 b /(293 2/(@ + 1)(x — 1)) de =

—/(:B—\/(m—i—l)(a:—l))dm_— (a:—l)dm_
z+1 241
:t2:m_1 T = tz_l,x—l— 2 1’ dw_(—1)2dt‘:
t
7+ /152—1(t2—1)2 + /(t2—1)3

which is an integral of a rational function.
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