LECTURE 9

LINE INTEGRALS
OF THE FIRST KIND



Line integral of the first kind

Definition 1. The set C C R™ is called a simple regular
curve in R™ if there exists a 1-1 mapping

g: (a,b) = C; g(t) = (91(t),--.,9a(t)), (9.1)
that has a continuous derivative
g(t) - (gi(t), oo 997/1(1;)) 75 (Oa oo aO)

on the interval (a, b).

It is therefore the set of points x = g(t), i.e.,
(ml, ce 73371) = (gl(t)a ce agn(t)) )

where the mapping g satisfies the contitions stated above. This
mapping is called a parametrization of the curve C, the equation
x = g(t) is called a parametric equation of the curve C.



The vector
g(t) = (gi(t),- .., g,(t)
is a tangent vectorem to the curve C.
We can imagine a curve as a trajectory of a point that is moving

intime. Then g(t) gives the coordinates of this point in time ¢, the
vector g (t) gives its instantaneous velocity.
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Special case: curves in R2

g(t)

dy =g;(#)dz
dx = g/(1)dt

(x,)=(g,(9), 9,(?))

ds =(9/(1), 9"(1) dz

Length element ds of a simple regular curve C with the para-
metrization g(t) is equal to

ds = [|g ()]l dt = /(g5 (®)? + (g3(1))* At (9.2)



Special case: curves in R3

20
dz=g;(H)dt o

| ds

(0.2 =(9.(0) 9:0), 9.(0) |
de=gi(odr /W=l

/

ds =(g1(1), 9:(1), g:(1)) dt

Length element ds of a simple regular curve C with the para-
metrization g(t) is equal to

ds = [|g (¢)|| dt = \/(gi(t))2 + (95(8))* + (g5(¢))* At (9.3)



Curves in R"

(x,1)=(9,(0), 9,())
dx =g/ (f)dt

ds =(g1(1),9".(1)) dr

Length element ds of a simple regular curve C with the para-
metrization g(t) is equal to

ds = [lg @) de = \/(@1(£)* + -+ + (g (1)* dt (9.4)



Line integral of the first kind

Definition 2. Let C be a simple regular curve in R, let
g: (a,b) — R be its parametrization. Let f: C — R be
a function. If the Riemann integral

b
[ #alaiat ©5)
exists, then it is denoted by
b
/ fds = / F(a() 14 ()] dt (9.6)
C a

and called the line integral of the first kind of the
function f over the curve C..



Properties

Linearity
If «, B are real numbers and f, g functions, then the equality

c/(af—l-,@h)d.s:ac/fds—l—ﬂc/hds (9.7)

holds if the right side has a sense.

Additivity with respect to the curve
If C = C; UCy and C; N C, contains at most the boundary points,
then the equality

/fds_ / fds _/fds—l—/fds (9.8)

C1UC2

holds, if the right side has a sense.



& Example. Find the integral

/a:2ds, kde C={(z,y) eR?®|y=Inz,z € (1,2)}.
c

Solution.
Consider the parametrization x = g1(t) = t,y = g2(t) = Int.
Theng(t) = (1,3) # o.

2 2 2
1 / 1
/Jz2ds=/t2 <1’Z)H dt:/t2 1+t—2dt:/t\/t2+1dt:
C 1 1 1

t?’+1 = u, 2tdt = du

— 1 /u1/2 du = 1 . E[u3/2]g — 1(53/2 _ 23/2).
2 2 3 3



& Example. Find the integral
/ (z + y)ds,
C
where C is a line segment with the boundary points A = (0,0), B =

(1,2).

Solution.
Parametrization: = t,y = 2t, t € (0, 1). For this paramet-
rization we obtain tangent vector g (t) = (1,2) with ||g (¢t)|| =
V5. Thus

/(:c+y)ds:/(t+2t)x/3dt: g\/g
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& Example. Find the integral

z2
— ds,
/ z? + y?
C

where C is one thread o the screw @ = rcost,y = rsint,z =
rt, t € (0, 2m).

Solution. Tangent vector:
g(t) = (—rsint,rcost,r)
is size: ||g (t)|| = »v/2. Then

27
/ 22 4 /’r2t2
R S —
JI2 _|_ y2 ,r.2
C 0

8rmw34y/2
/3 dt — ”Tf
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Some applications

Length s(C) of a curve C :

s() = [ ds= / 1§ ()] dt

c

Weight m(C) of a curve C with the length density o :

m(e) = [ads = [ a(ae)lg @)l at

(¢
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Static moments in R? :

5,(€) = [wods = [ ga()o(9(e) 19 (1)) dt

C

5.(0) = [yods = [ au()o(a)lg ®)]dt

(¢

Coordinates z.,(C) , y.,(C) of a centre of gravity of a curve
C:

@) = s,©) cf:):a'ds
DT me) m(e)
[yods
_S(C) ¢
Vol =) T i)
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Static moments in R3 :
t1
5,:(€) = [ mo ds = / g1 (H)o(g(t)) |19 (1)) dt
to

S.(€C) = [ yords = / g:(H)o(g())11g (1) dt

Sn(€) = [z0ds = [ aa(a(@®) 6 (V)] at

to

Coordinates z.,(C) , y4(C) , y4(C) of the centre of gravity of
C:
[ xods [yods [ zods

Teg(C) = Wa Yeg(C) = W » Zeg(C) =

m(C)
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Moments of inertia in R? :

I,(C) = / Yo ds = / G2 (6)o(g(t)) g ()] dt

(¢

1,0) = [a*ods = [ gBo(a®)llé )] at

(¢
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Moments of inertia in R3 :

L,(C) = / (y* +2*)o ds = / (G3(t) + g2(£)) o (g(1) 14 ()| dt
C to

I,(C) = / (4 2%)o ds = / (G2(8) +g2() o (a(t)) |9 (£) ] dt
C to

L(C) = / (@® +y?)o ds = / (3(t) + g2(£)) o (g(1) 14 ()| dt
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