CHAPTER 8

REAL FUNCTIONS
OF
MORE VARIABLES



Limit of a function of »n real variables

Definition 1. Let f : D; ¢ R™ — R* be a mapping, let a be
an accumulation point of its domain D;. We say that A ¢ R
is a limit of the mapping f at the point a if for every ¢ > 0
there exists 6 > 0 such that f(x) € U.(A) for all x € P.(a).

Definition 2. Let f : D; ¢ R" — R* be a mapping, M C D;.
We say that the function f(x) has a limit A at the point a
with respect to the set M if the function f = f|M has a

limit A at a. We write
lim f(x)=A.
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Any mapping f : D; C R" — R” is given by the formula

f(x) = f(:vl,xg, . ,xn) = (fl(;v), fa(x), ... ,fk(a:)) ,
where f; : X — R,i=1,2,..., k, are real functions of n variables.
Theorem 1. Let f : X — R*, where X C R™. Then

lim f(x) = A

r—a

ifand only if lim f;(x) = A; foralli =1,2,... k.
r—a

Theorem 2. Let f, g be real functions of n variables, lim f(x) =
A and lim g(x) = B. Then lim f(x) - g(x) = AB. If, moreover,
() A

B hen lim —2 = .
70, the =oag(z) B
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& Example. Find the following limits:

2 2
a) lm —2— b lm 2 ¢ lm .
(z,y)—(0,0) 2 4 32 (2,y)—(0,0) 2 + y? (2,5)—(0,0) T2 + Y

Any (z,y) # (0,0) can be expressed in polar coordinates as

r=rcosp, y=rsing, r >0, ¢ €[0,27).

In the case a) we get
1. xy2 l .92 0
im ——— = lim rcospsin”p =
()00 22 + Y2 r=04 psmyp =0,
since |cos psin’ | < 1.
In the case b) we get

: Ty , ' '
lim ——— = lim cosysiny = cos wsin .
(z,y)—=(0,0) 22 +y>  r—04 weiny L

The limit does not exist, because it depends on ¢, i.e., on the
direction.
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The case c) is more complicated. If z # 0, i.e., ¢ # 0, 7, then
22+ oyt T a2
and the limit is equal to zero as in the case a).

If x = 0, the whole expression is equal to zero, too. The limit is
therefore equal to zero in all directions.

_ 1
Nevertheless, for z = 32, the expression is equal to Y thus the
limit is different from zero on this curve.
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Continuity of functions

Definition 3. Let f : D; c R" — R* be a mapping, let
a € Dy. We say that f is continuous at the point a if for
every ¢ > 0 there exists § > 0 such that f(x) € U.(A) for all
T € Ug(a) N Df.

Definition 4. Let f : D; ¢ R" — R* be a mapping, M C D;.
We say that the function f(x) is continuous at the point
a with respect to the set M if if for every £ > 0 there exists
d > 0 such that f(x) € U.(A) for all x € U.(a) N M.

Remark. Obviously, f(x) is continuous at a € Dy if and only if a
is an isolated point of D or

lim f(z) = f(a).

r—a
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Definition 5. Let f : D; C R" — R* be a mapping, X C D;.
We say that f is continuous on the set X if and only if it is
continuous at every point of X.

Theorem 3. (Weierstrass) f : Dy C R" — R be continuous on
a compact set X C Dy. Then there exist points x,, and x,; in
X such that f(x,,) < f(x) and f(xy) > f(x)for all x € X. le.,
a function continuous on a compact set attains its minimum and
maximum on this set.
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