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Dělitelnost č́ısel a kongruence

• Ř́ıkáme, že dvě p̌rirozená č́ısla a a b jsou

kongruentńı moduĺı n, jestlǐze p̌ri děleńı a

č́ıslem n obdrž́ıme zbytek b nebo, že jejich

rozd́ıl a − b je násobkem č́ısla n. Ṕı̌seme

a ≡ b (mod n) ⇐⇒ a − b = k × n (1)

• Př́ıklady kongruence

17 ≡ 5 (mod 12) ⇐⇒ 17 − 5 = 1 × 12

35 ≡ 11 (mod 12) ⇐⇒ 35 − 11 = 2 × 12

168 ≡ 0 (mod 12) ⇐⇒ 168 − 0 = 14 × 12

169 ≡ 1 (mod 12) ⇐⇒ 169 − 1 = 14 × 12

2 k + 1 ≡ 1 (mod 2) ⇐⇒ 2 k + 1 − 1 = k × 2

• Je žrejmé, že pro p̌rirozené č́ıslo a dělitelné

č́ıslem n beze zbytku plat́ı

a ≡ 0 (mod n) ⇐⇒ a = k × n



Modulárńı operace

• Kongruence je symetrická a transitivńı

a ≡ b (mod n) ←→ b ≡ a (mod n)

a ≡ b ≡ c (mod n) ←→ a ≡ c (mod n)

• Sč́ıtáńı

a ≡ b (mod n)& c ≡ d (mod n) → a + c ≡ b + d (mod n)

• Odč́ıtáńı

a ≡ b (mod n)& c ≡ d (mod n) → a − c ≡ b − d (mod n)

• Násobeńı, pro a, b, c, d celá č́ısla

a ≡ b (mod n)& c ≡ d (mod n) → a × c ≡ b × d (mod n)

• Mocnina, opakované násobeńı, pro a, b, m
celá č́ısla

a ≡ b (mod n)& a ≡ b (mod n) → am ≡ bm (mod n)



• Př́ıklad 1- Protože plat́ı

22 ≡ 1 (mod 3)

22 ≡ 1 × 22 ≡ 1 (mod 3) ⇒ 24 ≡ 1 (mod 3)
...

⇒ 22m ≡ 1 (mod 3) ⇒ 22m − 1 ≡ 0 (mod 3)

je každé Mersenneovo č́ıslo 2n−1 dělitelné

3, jestlǐze n = 2m je sudé.

• Př́ıklad - Určete zda č́ıslo 11207 je dělitelné
ťremi. Protože plat́ı

11207(mod 3) ≡ 11128+64+8+4+2+1(mod 3) ≡

≡ [11128 × 1164 × 118 × 114 × 112 × 11](mod 3) ≡

≡ [1 × 1 × 1 × 1 × 1 × 2](mod 3) ≡ 2(mod 3)

• Z kongruence 11207 ≡ 2(mod 3) jǐz plyne,

že

11207 neńı dělitelné ťremi,

11207 − 2 je dělitelné ťremi.



Modulárńı operace - děleńı

• Pokud

a × d ≡ b × d (mod n)

obecně neplat́ı, že

a ≡ b (mod n).

• Nap̌ŕıklad z kongruence

10 ≡ 6 (mod 4) −→ 5 × 2 ≡ 3 × 2 (mod 4)

neplyne 5 ≡ 3 (mod 4)

• Modulárńı děleńı, lze provést pro d, n ne-

soudělná č́ısla (relative prime),

a × d ≡ b × d (mod n) ⇐⇒ a ≡ b (mod n)



• Nap̌ŕıklad z kongruence

170 ≡ 35 (mod 3) −→ 5 × 34 ≡ 5 × 7 (mod 3)

plyne 34 ≡ 7 ( mod 3), protože 3,5 jsou ne-

soudělná č́ısla.

• Modulárńı děleńı, lze provést pro d 6= 0

celé

a × d ≡ b × d (mod n × d) ⇐⇒ a ≡ b (mod n)

• Nap̌ŕıklad z kongruence

10 ≡ 6 ( mod 4) −→ 5×2 ≡ 3×2 ( mod 2×2)

plyne 5 ≡ 3 (mod 2)



Malá Fermatova věta

Z roku 1640, anglický název Fermat´s Little
Theorem

• Jestlǐze p je prvoč́ıslo, které neńı dělitelem
a, pak

ap−1 ≡ 1(mod p).

• Alternativńı tvar

ap ≡ a(mod p).

• V témže roce 1640 Fermat napsal Mersen-
neovi, že p̌repokládá, že č́ısla Fn = 22n

+1
jsou prvoč́ısla.

• Ukážeme si, jak použ́ıt malou Fermatovu
větu k důkazu, že č́ısla F3 = 223

+1 = 257
resp. F4 = 224

+ 1 = 65537 jsou prvoč́ısla.



Zvolme a = 3 a p̌redpokládejme, že

p = 257 = 223
+ 1

je prvoč́ıslo. Potom podle malé Fermatovy věty

muśı platit

3223

≡ 1(mod 223
+ 1),

resp.

328
≡ 1(mod 28 + 1).

Plat́ı postupně

32 ≡ 9(mod 257)

322
≡ 81(mod 257)

323
≡ 136(mod 257) 6561 = 25 × 257 + 136

324
≡ 249(mod 257) 18496 = 71 × 257 + 249

325
≡ 64(mod 257) 62001 = 211 × 257 + 64

326
≡ 241(mod 257) 4096 = 151 × 257 + 241

327
≡ 256(mod 257) 58081 = 225 × 257 + 256

328
≡ 1(mod 257) 65536 = 255 × 257 + 1

Posledńı kongruence potvrzuje, že 257 je prvoč́ıslo.


