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Ústav aplikované matematiky
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Řetězový zlomek
Co to je

Racionálńı č́ısla – mnohá z nich nejdou reprezentovat vhodně jako
č́ısla reálná.

Iracionálńı č́ısla – pouze aproximace, ale jak jsou tyto aproximace
p̌resné.

Lze vyjáďrit racionálńı a iracionálńı č́ıslo jako posloupnost celých
č́ısel?

Existuje
”
optimálńı“ aproximace racionálńıch a iracionálńıch č́ısel?
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Princip řetězového zlomku
Ještě jednou Euklidův algoritmus

Hledáme gcd(85, 15):

krok u v

- 85 15

1 70 15

2 55 15

3 40 15

4 25 15

5
10 15
15 10

6
5 10

10 5

7 5 5

8 0 5

Výsledný pod́ıl lze vyjáďrit také
jako

85

15
= 5 +

10

15
=

= 5 +
1

15

10

=

= 5 +
1

1 +
5

10

=

= 5 +
1

1 +
1

2
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Princip řetězového zlomku
Postup Euklidova algoritmu

Děleńı dvou celých č́ısel u0 = 85 a v0 = 15 se zbytkem z dává
v prvńım kroku

85 = u0 = q0 ⋅ v0 + z0 = 5 ⋅ 15 + 10.

Opakujeme tento proces až obdrž́ıme nulový zbytek.

1 Dělenec u1 = v0 = 15, dělitel v1 = z0 = 10:

15 = u1 = q1 ⋅ v1 + z1 = 1 ⋅ 10 + 5.

2 pro u2 = 10 a v2 = 5 plat́ı

10 = u2 = q2 ⋅ v2 + z2 = 2 ⋅ 5 + 0.
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Princip řetězového zlomku
Postup Euklidova algoritmu

Př́ıklad

Nalezněte nevyš̌śıho společného dělitele č́ısel 10166 a 988.
Postupně plat́ı

10 166 = 10 ⋅ 988 + 286

988 = 3 ⋅ 286 + 130

286 = 2 ⋅ 130 + 26

130 = 5 ⋅ 26 + 0

Nejvyš̌śım společným dělitelem je 26.
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Řetězové zlomky Sbĺıžené zlomky Závěr Úvod Definice

Princip řetězového zlomku
Tvorba členů zlomku

Odpov́ıdaj́ıćı řetězový zlomek má tvar

10 166

988
= 10 +

1

3 +
1

2 +
1

5

Tento výsledek ř́ıká dále, že
10 166

988
=

391 ⋅ 26

38 ⋅ 26
a že č́ısla 391 a 38

jsou již nesoudělná,
gcd(391, 38) = 1.
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Řetězové zlomky
Definice

Definice

Řetězový zlomek Výraz tvaru

r = q0 +
p1

q1 +
p2

q2 +
p3

q3 +
p4

q4 + ⋅ ⋅ ⋅

nazýváme nekonečným řetězovým zlomkem.
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Řetězové zlomky
Definice

Definice

Pravý řetězový zlomek Pokud jsou všechna pk = 1, jedná se o
pravý řetězový zlomek

r = q0 +
1

q1 +
1

q2 +
1

q3 +
1

q4 + ⋅ ⋅ ⋅

.

Znač́ıme [q0; q1, q2, q3, q4, ⋅ ⋅ ⋅ ]
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Řetězové zlomky
Vlastnosti

Definice

Řetězový zlomek, jehož rozvoj konč́ı n-tým členem, nazýváme
konečným řetězovým zlomkem řádu n. Konečný pravý řetězový
zlomek znač́ıme [q0; q1, q2, ⋅ ⋅ ⋅ qn].

Definice

Pro 1 ≤ k < n nazýváme úsekem řádu k řetězový zlomek, který
vznikne vynecháńım posledńıch n − k členů.
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Řetězové zlomky
Vlastnosti

Vlastnosti:

∙ je konečný právě tehdy, jestliže reprezentuje racionálńı č́ıslo
(nap̌ŕıklad p̌ri hledáńı soudělnosti č́ısel Euklidovým
algoritmem)

∙ je nekonečný právě tehdy, jestliže reprezentuje iracionálńı
č́ıslo, nap̌ŕıklad pro

√
2 = 1 +

1

2 +
1

2 +
1

2 +
1

2 + ⋅ ⋅ ⋅
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Př́ıklady výpočtu řetězových zlomk̊u
Výpočet

√
2

Př́ıklad

Tvar řetězového zlomku pro
√

2 vyplývá z identity

√
2 = 1 +

1

1 +
√

2
= 1 +

1

1 + 1 +
1

1 +
√

2

= 1 +
1

1 + 1 +
1

1 + 1 +
1

1 +
√

2
...

Nap̌ŕıklad úsek řádu 5 dává
√

2 ≈ s5 =
41

29
= 1,413793 . . .
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Př́ıklady výpočtu řetězových zlomk̊u
Zlatý řez (1/3)

Definice

Hodnota zlatého řezu je řešeńım klasické úlohy poměr̊u stran obdélńıka

tak, aby
b

a
=

b + a

b
. Označ́ıme-li poměr věťśı strany obdélńıka ku menš́ı

z =
b

a
, obdrž́ıme kvadratickou rovnici

z = 1 +
1

z
⇒ z2 = z + 1

jej́ıž řešeńı jsou

z1,2 =
1±
√

5

2
.

Odvod’te tvar nekonečného řetězového zlomku pro
1 +
√

5

2
= 1,61803398874989 = 2 cos(�/5).
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Př́ıklady výpočtu řetězových zlomk̊u
Zlatý řez (2/3)

Pro Fibonacciho posloupnost

{Fn} = {0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, . . . }

plat́ı

lim
n→∞

Fn

Fn−1
=

1 +
√

5

2
= 1,61803398874989 . . .
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Př́ıklady výpočtu řetězových zlomk̊u
Zlatý řez (3/3)

Tvar odvozené rovnice

z = 1 +
1

z
⇒ 1 +

√
5

2
= 1 +

1

1 +
√

5

2

již vede na řetězový zlomek

1 +
√

5

2
= 1 +

1

1 +
1

1 +
1

1 +
1

1 + ⋅ ⋅ ⋅
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Př́ıklady výpočtu řetězových zlomk̊u
Algoritmus reprezentace č́ısla � (1/4)

Vyjdeme-li z numerické hodnoty � = 3,14159265358979 . . . ,
dostáváme postupně

3,14159265358979 = 3 + 0,14159265358979 = 3 +
1

7,06251330593105

7,06251330593105 = 7 + 0,06251330593105 = 7 +
1

15,99659440668410

15.99659440668410 = 15 + 0.99659440668410 = 15 +
1

1,00341723101500

1.00341723101500 = 1 + 0.00341723101500 = 1 +
1

292,6345908750125

292.6345908750125 = 292 + 0.6345908750125 = 292 +
1

1,57581843574461

...
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Př́ıklady výpočtu řetězových zlomk̊u
Reprezentace č́ısla � (2/4)

Řetězový zlomek pro � bude ḿıt tvar

� = 3 +
1

7 +
1

15 +
1

1 +
1

292 +
1

1 + ⋅ ⋅ ⋅
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Př́ıklady výpočtu řetězových zlomk̊u
Reprezentace č́ısla � (3/4)

Konečné součty řetězového zlomku dávaj́ı racionálńı aproximace

� ≈ s1 =
3

1
= 3

� ≈ s2 =
22

7
= 3.14285714285714

� ≈ s3 =
333

106
= 3.14150943396226

� ≈ s4 =
355

113
= 3.14159292035398

. . .
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Př́ıklady výpočtu řetězových zlomk̊u
Reprezentace č́ısla � (4/4)

Č́ıslo � lze pomoćı řetězových zlomk̊u vyjáďrit mnoha způsoby,
nap̌ŕıklad

� = 3 +
1

6 +
9

6 +
25

6 +
49

6 +
81

6 + . . .

4

�
= 1+

1

3 +
4

5 +
9

7 +
16

9 +
25

11 + . . .
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Výpočet
√
N ∕∈ ℕ

Algoritmus

Odmocninu č́ısla N, které nemá celoč́ıselnou odmocninu
N ∕= n2, n ∈ ℕ, můžeme vyjáďrit řetězovým zlomkem

√
N = a +

b

2a +
b

2a +
b

2a +
b

2a + ⋅ ⋅ ⋅

,

kde a je nejvyš̌śı celé č́ıslo, pro které plat́ı a2 < N, a kde
b = N − a2.
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Výpočet
√
N ∕∈ ℕ

Př́ıklad opět na
√

2 a nově
√

6

Pro
√

2 máme a = 1 a b = 1.

Pro
√

6 máme a = 2 a b = 2 a výsledný zlomek bude

√
6 = 2 +

2

4 +
2

4 +
2

4 +
2

4 + ⋅ ⋅ ⋅
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Nekonečná řada jako řetězový zlomek

3 Závěr
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Sbĺıžené zlomky
Definice

Mějme polynomy An a Bn s celoč́ıselnými koeficienty takové, že
pro každé q0 ∈ ℤ, q1, q2, . . . , qn ∈ ℕ a p1, p2, . . . , pn ∈ ℕ plat́ı

q0 +
p1

q1 +
p2

q2 +
p3

q3 +
p4

q4 + ⋅ ⋅ ⋅

=
An(q0, q1, . . . , qn, p1, . . . , pn)

Bn(q0, q1, . . . , qn, p1, . . . , pn)
.

Definice

Sbĺıženým zlomkem řádu k k řetězovému zlomku rozuḿıme
zlomek Ak

Bk
takový, že Ak = Ak(q0, q1, . . . , qk , p1, . . . , pk) a

Bk = Bk(q0, q1, . . . , qk , p1, . . . , pk), kde Ak a Bk jsou nesoudělné
polynomy popsané výše.
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Sbĺıžené zlomky
Prvńı hodnoty

Prvńı sbĺıžené zlomky jsou

S1 = q0 +
p1

q1
=

q0q1 + p1

q1
=

A1

B1

S2 = q0 +
p1

q1 +
p2

q2

=
q0q1q2 + q0p2 + p1q2

q1q2 + p2
=

A2

B2
.
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Sbĺıžené zlomky
Rekurentńı algoritmus (1/2)

Definice

Pro čitatele Ak a jmenovatele Bk k-tého sbĺıženého zlomku

Sk =
Ak

Bk
plat́ı pro k ≥ 1 rekurentńı formule

Ak = qkAk−1 + pkAk−2,

Bk = qkBk−1 + pkBk−2.

s počátečńımi podḿınkami

A−1 = 1, A0 = q0,

B−1 = 0, B0 = 1.
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Sbĺıžené zlomky
Rekurentńı algoritmus (2/2)

Nap̌ŕıklad tak plat́ı

A1 = q1A0 + p1A−1 = q1 q0 + p1

B1 = q1B0 + p1B−1 = q1

A2 = q2A1 + p2A0 = q2 q1 q0 + q2 p1 + q0 p2

B2 = q2B1 + p2B0 = q2 q1 + p2
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Sbĺıžené zlomky
Nekonečná řada ze sbĺıžených zlomk̊u (1/4)

Rozd́ıl dvou následuj́ıćıch sbĺıžených zlomk̊u je

Ak+1

Bk+1
− Ak

Bk
=

Ak+1Bk − AkBk+1

BkBk+1
=

=
(qk+1Ak + pk+1Ak−1) Bk

BkBk+1
− Ak (qk+1Bk + pk+1Bk−1)

BkBk+1
=

=
−pk+1(Ak Bk−1 − Ak−1Bk)

BkBk+1
=

= −pk+1

[
(qkAk−1 + pkAk−2)Bk−1

BkBk+1
− Ak−1(qkBk−1 + pkBk−2)

BkBk+1

]
=

=
pk+1 ⋅ pk(Ak−1 Bk−2 − Ak−2Bk−1)

BkBk+1
=

...
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Sbĺıžené zlomky
Nekonečná řada ze sbĺıžených zlomk̊u (2/4)

S použit́ım rekurentńıch formuĺı tak postupně dostáváme

Ak+1

Bk+1
− Ak

Bk
= (−1)k

p1 ⋅ p2 ⋅ ⋅ ⋅ ⋅ ⋅ pk+1

BkBk+1
,

a tedy

A1B0 − A0B1

B1B2
= − p0 ⋅ p1

B0 ⋅ B1
=

p1

q1
,

A2B1 − A1B2

B1B2
= − p1 ⋅ p2

B1 ⋅ B2
,

A3B2 − A2B3

B2B3
=

p1 ⋅ p2 ⋅ p3

B2 ⋅ B3
,

...
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Sbĺıžené zlomky
Nekonečná řada ze sbĺıžených zlomk̊u (3/4)

Protože

Ak

Bk
=

(
Ak

Bk
− Ak−1

Bk−1

)
+

(
Ak−1

Bk−1
− Ak−2

Bk−2

)
+⋅ ⋅ ⋅+

(
A1

B1
− A0

B0

)
+

A0

B0

můžeme snadno odvodit

Ak

Bk
= q0 +

p1

B1
− p1p2

B1B2
+

p1p2p3

B2B3
− ⋅ ⋅ ⋅+ (−1)k

p1 ⋅ p2 ⋅ ⋅ ⋅ ⋅ ⋅ pk+1

BkBk+1
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Sbĺıžené zlomky
Nekonečná řada ze sbĺıžených zlomk̊u (4/4)

Věta

Sbĺıžené zlomky jsou částečnými součty nekonečné řady

q0 +
p1

B1
− p1p2

B1B2
+

p1p2p3

B2B3
− p1p2p3p4

B3B4
+ . . .

Věta

Pro pravý řetězový zlomek je

q0 +
1

B1
− 1

B1B2
+

1

B2B3
− 1

B3B4
+ . . .
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Nekonečná řada jako řetězový zlomek
Reprezentace konvergentńı řady (1/4)

Necht’
1

c1
− 1

c2
+

1

c3
− 1

c4
+

1

c5
− ⋅ ⋅ ⋅

je nekonečná konvergentńı řada s c1, . . . , ck ∈ ℕ.

Hledejme p1, . . . , pk ∈ ℕ a q1, . . . , qk ∈ ℕ tak, aby členy této řady
byly shodné s členy řady vzniklé rozvojem sbĺıžených zlomk̊u

p1

B1
− p1p2

B1B2
+

p1p2p3

B2B3
− p1p2p3p4

B3B4
+ ⋅ ⋅ ⋅
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Nekonečná řada jako řetězový zlomek
Reprezentace konvergentńı řady (2/4)

Položme p1 = 1 a q1 = B1 = c1. Pod́ıl dvou následuj́ıćıch členů je

ck+1

ck
=

Bk+1

Bk−1 ⋅ pk+1
.

Pro Bk+1 plat́ı ďŕıve definovaná rekurentńı relace

Bk+1 = qk+1 ⋅ Bk + pk+1 ⋅ Bk−1,

a můžeme proto psát

ck+1

ck
=

Bk+1

Bk−1 ⋅ pk+1
=

Bk ⋅ qk+1

Bk−1 ⋅ pk+1
+ 1,

Bk

Bk−1
=

(ck+1 − ck) ⋅ pk+1

ck ⋅ qk+1
.
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Řetězové zlomky Sbĺıžené zlomky Závěr Zlomek-̌rada Řada-zlomek

Nekonečná řada jako řetězový zlomek
Reprezentace konvergentńı řady (3/4)

Odtud opětovným použit́ım rekurentńı relace pro Bk

(ck+1 − ck)pk+1

ckqk+1
=

Bk

Bk−1
=

qkBk−1 + pkBk−2

Bk−1
=

= qk + pk
ck−1qk

(ck − ck−1)pk
.

Z těchto vztahů nakonec obdrž́ıme

pk+1

qk+1qk
=

c2
k

(ck+1 − ck)(ck − ck−1)
.
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Řetězové zlomky Sbĺıžené zlomky Závěr Zlomek-̌rada Řada-zlomek

Nekonečná řada jako řetězový zlomek
Reprezentace konvergentńı řady (4/4)

Požadavek pk , qk ∈ ℕ lze splnit volbou

pk+1 = c2
k qk+1 = ck+1 − ck

Tuto formuli neodvodil nikdo jiný, než Leonhard Euler v roce 1748.

1

c1
− 1

c2
+

1

c3
− 1

c4
+

1

c5
−⋅ ⋅ ⋅ =

1

c1 +
c2

1

c2−c1 +
c2

2

c3−c2 +
c2

3

c4−c3 + ⋅ ⋅ ⋅
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Řetězové zlomky Sbĺıžené zlomky Závěr Zlomek-̌rada Řada-zlomek

Př́ıklad na rozvoj nekonečné řady
Jak spoč́ıtat �/4 (1/2)

Rozvojem arctan x v Maclaurinovu řadu

arctan x = x − x3

3
+

x5

5
− x7

7
⋅ ⋅ ⋅ =

∞∑
k=0

(−1)k
x2k+1

2k + 1

obdrž́ıme pro arctan x =
�

4
slavnou Leibnizovu formuli (1682)

�

4
= 1− 1

3
+

1

5
− 1

7
⋅ ⋅ ⋅ =

∞∑
k=0

(−1)k
1

2k + 1
.

Můžeme pravděpodobně souhlasit s Leibnizem, který prohlásil, že

”
Bůh miluje lichá č́ısla“. Po několika iteraćıch však dojdeme

k závěru, že k vyč́ısleńı č́ısla � je tato suma krajně nevhodná.
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Řetězové zlomky Sbĺıžené zlomky Závěr Zlomek-̌rada Řada-zlomek

Př́ıklad na rozvoj nekonečné řady
Jak spoč́ıtat �/4 (2/2)

Převodem Leibnizovy řady na řetězový zlomek

�

4
=

1

1
− 1

3
+

1

5
− 1

7
+

1

9
− ⋅ ⋅ ⋅ =

1

1 +
1

2 +
9

2 +
25

2 +
49

2 +
81

2 + ⋅ ⋅ ⋅

lze źıskat řešeńı rychleji.

Zkuste si to doma ově̌rit.
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Řetězové zlomky Sbĺıžené zlomky Závěr

Obsah p̌rednášky

1 Řetězové zlomky

2 Sbĺıžené zlomky

3 Závěr
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Řetězové zlomky Sbĺıžené zlomky Závěr

Poznámka na závěr
A co bude p̌ŕı̌stě

Nehonorované zamyšleńı na doma

Pokuste se nalézt výkonněǰśı algoritmus výpočtu č́ısla � s využit́ım
součtových vzorc̊u pro funkci

arctan u + arctan v = arctan
u + v

1− u v
.

Př́ı̌stě:

∙ Prvńı domáćı úloha

∙ Numerika (zobrazeńı č́ısel v poč́ıtači, zdroje chyb, typy úloh)
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